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Applicazioni del teorema della convergenza monotona
∞∑
n=1
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n2n
= ln 2
Consideriamo l’integrale definito∫ 1
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Per il teorema della convergenza monotona e` lecito scambiare l’inte-
grale e la serie in modo che
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Per il teorema della convergenza monotona e` lecito scambiare l’inte-
grale e la serie in modo che
∞∑
n=1
1
n2n
=
∫ 1
2
0
( ∞∑
n=1
xn−1
)
dx
Pertanto
∞∑
n=1
1
n2n
=
∫ 1
2
0
1
1− xdx
La conclusione segue dall’integrazione∫ 1
2
0
1
1− xdx = [− ln(1− x)]
x= 12
x=0
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Applicazioni del teorema della convergenza monotona
∞∑
n=1
1
n2 + 1
2
n
= 4(1− ln 2)
Se a, b > 0, a 6= b consideriamo la serie
S(a, b) =
∞∑
n=1
1
(n+ a)(n+ b)
Decomponendo in fratti semplici abbiamo
S(a, b) =
1
a− b
∞∑
n=1
(
1
n+ b
− 1
n+ a
)
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Osservato che per ogni α > 0 vale
1
α
=
∫ ∞
0
e−αxdx
abbiamo
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1
α
=
∫ ∞
0
e−αxdx
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S(a, b) =
1
a− b
∞∑
n=1
∫ ∞
0
[
e−(n+b)x − e−(n+a)x
]
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Osservato che per ogni α > 0 vale
1
α
=
∫ ∞
0
e−αxdx
abbiamo
S(a, b) =
1
a− b
∞∑
n=1
∫ ∞
0
[
e−(n+b)x − e−(n+a)x
]
dx
=
1
a− b
∞∑
n=1
∫ ∞
0
e−nx
[
e−bx − e−ax] dx
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Dunque, espandendo in serie geometrica ed usando il Teorema della
convergenza dominata
S(a, b) =
1
a− b
∫ ∞
0
[
e−bx − e−ax] e−x
1− e−xdx
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Dunque, espandendo in serie geometrica ed usando il Teorema della
convergenza dominata
S(a, b) =
1
a− b
∫ ∞
0
[
e−bx − e−ax] e−x
1− e−xdx
Poi facendo il cambio di variabile t = e−x otteniamo
S(a, b) =
1
a− b
∫ 1
0
tb − ta
1− t dt
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Ma
∞∑
n=1
1
n2 + 12n
= S(12 , 0) = 2
∫ 1
0
1−√t
1− t dt
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Semplificando l’integrando
∞∑
n=1
1
n2 + 12n
= 2
∫ 1
0
1
1 +
√
t
dt
Facendo il cambio di variabile t = u2
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n=1
1
n2 + 12n
= 4
∫ 1
0
u
1 + u
du
Costas Efthimiou: Finding exact values for infinite sums Mathematics
magazine 72 (1999) 45–51
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Dominated convergence Theorem
Given a measure space (X,A, µ) and (fn)n sequence of measurable
functions such that
lim
n→∞ fn(x) = f(x)
If there exists a nonnegative summable g ∈ L(X) such that for any
x ∈ X and any n ∈ N
|fn(x)| ≤ g(x)
Then
lim
n→∞
∫
X
fndµ =
∫
X
f dµ
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Exercise
Prove that lim
n→∞
∫ 1
0
e
x+1
n dx = 1
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Exercise
Prove that lim
n→∞
∫ 1
0
e
x+1
n dx = 1
Wrong way evaluate
∫ 1
0
e
x+1
n dx = e
1
n2
(
e
1
n2 − 1
)
n2 and then take the
limit.
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Exercise
Prove that lim
n→∞
∫ 1
0
e
x+1
n dx = 1
Wrong way evaluate
∫ 1
0
e
x+1
n dx = e
1
n2
(
e
1
n2 − 1
)
n2 and then take the
limit.
Right way evaluate
∫ 1
0
e0dx
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Exercise. Evaluate
lim
n→∞
∫ ∞
1
ne−nx
1 + nx
dx
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Exercise. Evaluate
lim
n→∞
∫ ∞
1
ne−nx
1 + nx
dx
Consider, for x ∈ [1,+∞), hn(x) = n
1 + nx
. It is a decreasing
function of x in x ∈ [1,∞) since h′n(x) = −
n2
(1 + nx)2
< 0
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Exercise. Evaluate
lim
n→∞
∫ ∞
1
ne−nx
1 + nx
dx
Consider, for x ∈ [1,+∞), hn(x) = n
1 + nx
. It is a decreasing
function of x in x ∈ [1,∞) since h′n(x) = −
n2
(1 + nx)2
< 0 Then, since
lim
x→∞
n
1 + nx
= 0
and
sup
x∈[1,∞)
n
1 + nx
= hn(1) =
n
1 + n
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We can infer that
|hn(x)| ≤ n
1 + n
< 1
so that ∣∣∣∣ ne−nx1 + nx
∣∣∣∣ < e−nx ≤ e−x
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We can infer that
|hn(x)| ≤ n
1 + n
< 1
so that ∣∣∣∣ ne−nx1 + nx
∣∣∣∣ < e−nx ≤ e−x
In such a way we can use Dominated convergence theorem
lim
n→∞
∫ ∞
1
ne−nx
1 + nx
dx =
∫ ∞
1
lim
n→∞
ne−nx
1 + nx
dx =
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We can infer that
|hn(x)| ≤ n
1 + n
< 1
so that ∣∣∣∣ ne−nx1 + nx
∣∣∣∣ < e−nx ≤ e−x
In such a way we can use Dominated convergence theorem
lim
n→∞
∫ ∞
1
ne−nx
1 + nx
dx =
∫ ∞
1
lim
n→∞
ne−nx
1 + nx
dx =
∫ ∞
1
0 dx = 0
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Differentiation under the integral sign
If [α, β], ]a, b[⊂ R and f :]a, b[×[α, β]→ R verifies
(i) for any x ∈]a, b[ function t 7→ f(x, t) is summable in [α, β]
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Differentiation under the integral sign
If [α, β], ]a, b[⊂ R and f :]a, b[×[α, β]→ R verifies
(i) for any x ∈]a, b[ function t 7→ f(x, t) is summable in [α, β]
(ii) for almost any t ∈ [α, β] function x 7→ f(x, t) is differentiable in
]a, b[
(iii) for any x ∈]a, b[ and for almost any t ∈ [α, β] there exists g
summable on [α, β] such that∣∣∣∣∂f∂x(x, t)
∣∣∣∣ ≤ g(t)
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then;
F (x) :=
∫ β
α
f(x, t)dt
is differentiable and
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then;
F (x) :=
∫ β
α
f(x, t)dt
is differentiable and
F ′(x) =
∫ β
α
∂f
∂x
(x, t)dt
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E` utile anche questa versione del teorema:
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E` utile anche questa versione del teorema:
Se f : [a, b] × [α, β] → R e` una funzione continua tale per cui la
derivata
∂f
∂x
esiste ed continua su [a, b]× [α, β] allora la funzione
F (x) :=
∫ β
α
f(x, t)dt
e` derivabile e
F ′(x) =
∫ β
α
∂f
∂x
(x, t)dt
15/21 Pi?
22333ML232
Basel problem
Two integers a and b are said to be coprime if the only positive integer
that evenly divides both of them is 1. This is the same thing as their
greatest common divisor gdc(a, b) = 1.
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Basel problem
Two integers a and b are said to be coprime if the only positive integer
that evenly divides both of them is 1. This is the same thing as their
greatest common divisor gdc(a, b) = 1.
Theorem (E. Cesa`ro 1881) The probability that two randomly chosen
numbers are coprime is given by a product over all primes:∏
p∈P
(
1− 1
p2
)
=
1
∞∑
n=1
1
n2
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Two integers a and b are said to be coprime if the only positive integer
that evenly divides both of them is 1. This is the same thing as their
greatest common divisor gdc(a, b) = 1.
Theorem (E. Cesa`ro 1881) The probability that two randomly chosen
numbers are coprime is given by a product over all primes:∏
p∈P
(
1− 1
p2
)
=
1
∞∑
n=1
1
n2
G.H. Hardy; E. M. Wright (2008). An Introduction to the Theory of
Numbers (6th ed.) Oxford University Press, theorem 332.
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Theorem (L. Euler 1735)
∞∑
n=1
1
n2
=
pi2
6
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Define E =
+∞∑
n=1
1
n2
and split the series in considering even and odd
indexes:
∞∑
n=1
1
(2n)2
+
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n=0
1
(2n+ 1)2
= E
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and split the series in considering even and odd
indexes:
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1
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1
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Theorem (L. Euler 1735)
∞∑
n=1
1
n2
=
pi2
6
Define E =
+∞∑
n=1
1
n2
and split the series in considering even and odd
indexes:
∞∑
n=1
1
(2n)2
+
∞∑
n=0
1
(2n+ 1)2
= E
Observe that
∞∑
n=1
1
(2n)2
=
∞∑
n=1
1
4n2
=
E
4
thus
∞∑
n=0
1
(2n+ 1)2
=
3
4
E
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hence
∞∑
n=0
1
(2n+ 1)2
=
pi2
8
=⇒
∞∑
n=1
1
n2
=
pi2
6
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hence
∞∑
n=0
1
(2n+ 1)2
=
pi2
8
=⇒
∞∑
n=1
1
n2
=
pi2
6
Summing up to prove Euler theorem we can prove that the sum of
the reciprocal of the squared of the odd numbers is
∞∑
n=0
1
(2n+ 1)2
=
pi2
8
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Seguiamo la bella dimostrazione data da Habib Bin Muzaffar: A New
Proof of a Classical Formula, American Mathematical Monthly Vol.
120, No. 4 (April 2013), pp. 355-358
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Seguiamo la bella dimostrazione data da Habib Bin Muzaffar: A New
Proof of a Classical Formula, American Mathematical Monthly Vol.
120, No. 4 (April 2013), pp. 355-358
Per 0 ≤ x ≤ 1 definiamo
F (x) =
∫ pi
2
0
arcsin (x sin t) dt
F (x) e` continua in [0, 1] e per 0 ≤ x < 1 possiamo derivare sotto il
segno di integrale ottenendo
F ′(x) =
∫ pi
2
0
sin t√
1− x2 sin2 t
dt
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Cambio di variabile cos t = u:
F ′(x) =
∫ pi
2
0
sin t√
1− x2 sin2 t
dt =
∫ 1
0
du√
1− x2(1− u2)
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Cambio di variabile cos t = u:
F ′(x) =
∫ pi
2
0
sin t√
1− x2 sin2 t
dt =
∫ 1
0
du√
1− x2(1− u2)
Scriviamo l’integrale come
F ′(x) =
∫ 1
0
du
x
√
1−x2
x2
+ u2
Usando la formula di integrazione indefinita∫
du√
a2 + u2
= ln
(
u+
√
a2 + u2
)
troviamo
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F ′(x) =
[
1
x
ln
(
u+
√
1− x2
x2
+ u2
)]u=1
u=0
facendo i calcoli
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)]u=1
u=0
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1
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1
2x
ln
(
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Poiche´ F (0) = 0 abbiamo per 0 ≤ x < 1 che
F (x) =
∫ x
0
F ′(t)dt =
∫ x
0
∞∑
n=0
t2n
2n+ 1
dt
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F (x) =
∫ x
0
F ′(t)dt =
∫ x
0
∞∑
n=0
t2n
2n+ 1
dt
In conclusione per 0 ≤ x < 1
F (x) =
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n=0
x2n+1
(2n+ 1)2
Stante che F (x) e` continua per x = 1 questa relazione vale anche per
x = 1 quindi
∞∑
n=0
1
(2n+ 1)2
= F (1) =
∫ pi
2
0
arcsin(sin t)dt =
pi2
8
